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THE LATERAL MIGRATION OF SOLID PARTICLES IN
A LAMINAR FLOW NEAR A PLANE
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Abstract—The lateral inertial migration of a solid spherical particle suspended in a laminar flow over a
vertical wall is considered theoretically. Formulae for the migration velocity are obtained for both neutrally
buoyant and non-neutrally buoyant particles and also for the case of zero flow over the wall. Situations in
which the particle is either free to rotate or prevented from rotating are considered. Such results are found to
agree qualitatively with known experimental data.

1. INTRODUCTION
The lateral migration of neutrally buoyant and non-neutrally buoyant solid spherical particles

suspended in laminar tube flows has been extensively studied experimentally (Segre & Silberberg
1961, 19624, b; Oliver 1962; Eichhorn & Small 1964; Theodore 1964; Repetti & Leonard 1964;
Jeftrey & Pearson 1965; Karnis et al. 19664, b ; Denson et al. 1966; Halow 1968; Yanizeski 1968;
Halow & Wills 19704, b; Tachibana 1973), a survey of this work having been presented by
Brenner (1966). This migration which results from the effects of fluid inertia was studied
theoretically by Rubinov & Keller (1961) and Saffman (1965). However in these studies the
effects of the solid bounding walls of the tube and of the variation of the rate of shear across the
tube were omitted. However Cox & Brenner (1968) derived expressions for the particle migration
in a general tube flow by making a double expansion of the flow field in terms of the Reynolds
number and the ratio of particle radius to tube size. These results were not evaluated explicitly
but were left in the form of volume integrals involving the Green’s function for creeping motion
flow in the tube. In the present paper these results are used to calculate analytically the migration
velocity of a spherical particle in a flow field near a single vertical plane wall. The situations in
which the particle is either free to rotate or prevented from rotating, is either neutrally buoyant or
non-neutrally buoyant, as well as the case where there is no flow over the wall are considered.
Thus in section 2 a brief description is given of the results obtained by Cox & Brenner (1968)
together with a discussion of their applicability to the present problem. In sections 3 and 4 the
Green’s function for creeping motion flow near the plane wall is found in a form suitable for the
calculation of the migration velocity which is done in section 5. Then in the final section the
results obtained are discussed and compared with the known experimental results.

2. LATERAL MIGRATION OF A SPHERE

Consider a viscous fluid with viscosity u and density p occupying the semi-infinite region
ri>0 and bounded by a solid rigid wall W at r| =0. At a distance d from the wall, a small
sphere of radius a is free to move in the fluid which undergoes a rectilinear flow U'(r') in the r}
direction where

U@) =0, Uxri),0), [2.1]

the characteristic velocity and length scale of this flow being V and d respectively (see figure 1).
Then in terms of the length scale ratio

x = ald, [2.2]
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Figure 1. Spherical particle in a fluid flow bounded by a vertical plane wall.

and the Reynolds number
Re=aV/|v where v=ulp, [2.3]

Cox & Brenner (1968) derived formulae for the migration velocity of the sphere across
streamlines (i.e. towards or away from the wall) as the result of fluid inertia. This was done by
making a double expansion in the parameters « and Re both being assumed small. These results
(which were derived for a more general system than that discussed here) were not explicitly
evaluated but were left in the form of volume integrals. It is the evaluation of these for the
present problem which will concern us here.

Since the undisturbed flow field U’ must satisfy the Navier-Stokes equations,

uVU' -Vp'=pU - VU,
vV-U =0, [2.4]
it is seen by substituting from [2.1} that U5(r}) must be a quadratic function of ri so that
U'(r)=(a*+b*ri+ c*ride,, [2.5]

e. being a unit vector along the r} direction (with e, and e; similarly defined). The no slip boundary
condition to be satisfied on the wall at r, =0 then requires the wall velocity U., to be

U, = a*e.. 2.6}

We use throughout (unless otherwise stated) dimensionless unprimed variables based upon
the velocity V, length a and fluid viscosity u so that the dimensionless velocity U= U’/V and the
dimensionless position vector r =r'/a.

A condition that the theory described by Cox & Brenner (1968) apply is that there is either no
outer inertial expansion or that, when there is an outer inertial expansion it gives rise to no
contribution to the force on the particle to the order considered (i.e. to order Re*"). It was shown



LATERAL MIGRATION OF SOLID PARTICLES 203
that sufficient conditions for this to occur are
Re<k <1, 2.7
and also that
U] |v§|=0r"""") as r—o for a>0, [2.8]

where v§ is the disturbance flow produced by the sphere and wall calculated on the basis of the
creeping motion equations and r = |r]. Since it was shown by Oseen (1927) that v% is 0(r ) as r —»
(see also [4.31]) for the present case, the condition [2.8] reduces to

[U=0(r'") as r-w.

Thus it would appear that the results could not be applied to the present problem for which
U= 0(r*) as r > . However it will now be shown that in the present case the condition (2.8] may
be relaxed somewhat if one is concerned only with finding the velocity of migration for the sphere
towards or away from the wall to order Re*'.

Taking our axes to be moving in the r, direction with the sphere so that the motion is steady

(and neglecting unsteadiness resulting from the small migration velocity) the dimensionless fluid
velocity v satisfies

Viv—Vp=Rev- Vv
V.v=0 [2.9]
v=0 onW,

and also the no slip boundary condition on the sphere surface.
Considering the parameter « fixed and making an expansion in Re, an inner inertial expansion
is obtained using r as an independent variable. This expansion will be shown to be

v=(U+v§)+Revi+---, [2.10]

where v} is the creeping motion disturbance velocity produced by the sphere and wall mentioned
previously and as such cannot give rise to migration of the sphere. Thus v# is of order r~2 as
r—>00,

v¥ then satisfies

Vvt —Vpt=(U-Vvi+vE- VU +vE- V),
V.vi=0,
vi=0 onW, [2.11]

and v} = 0 on the sphere r = 1, with boundary conditions at infinity to be obtained by matching onto
an outer expansion.
One may write

vi=().r+ (V’f)p.x [2.12]

as the sum of a complementary function and particular integral of [2.11].

Thus (v¥),.. is any particular solution of [2.11] while (v}).r is a solution of the creeping
motion equations (which may tend to infinity as 7 - ) with (v). .. = 0 on the wall W and on the
sphere.
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From the form of U and v¥ as r > it is observed that (v¥), , possesses terms of order r’, r°,

r7,... as r>, Defining an outer inertial expansion with independent variable ¥ such that

F=Re'’r, {2.13]

3

the terms in v§ then match terms of order Re**F 2, ReF >, . . . in the outer expansion as 7 — 0,

In the outer expansion, one therefore has
v=U+ Re* i, + Retip+ - - - [2.14]

The equations for i, are

_ _ z2 0 _ -
Vzu,—Vp.=c*r,za—’__u,+2c*h(u1)1Ez,
2

V'ﬁ1=0,
ﬁ1=0 on “’,
and
0,20 as F-oo, [2.15)

and for u, are

_, 0 _
Vi, - Vp,= c*rlzé?uz+2c*r1(uz)‘ez
2

. d _
+ b*r.——_—u1+ b*(ul)lez,
or,

V'ﬁ2=0,
i,=0 on W,
and
i,»>0 as Foox, [2.16]

all differentiation being taken with respect to the outer F variable. The inner boundary conditions
on il, and @, are obtained by matching the inner expansion. The form of the part (v¥),, of v¥ in the
inner expansion for large r matches terms of order Re?’7', Ref’, Re**F7',... in the outer
expansion for 7 — 0. Thus @I, must contain at least terms like 772, 7*' while @i, must contain terms
like 72, 7° for 7= 0. No terms like 7 ' or #° can occur in the symptotic form of &, for 7— 0 since
otherwise they would match terms proportional to Re'” and Re®” respectively in the inner
expansion. Such terms cannot occur since they would have to satisfy the creeping flow equations
with zero velocity on wall W and on sphere and be of order r~" and r° respectively as r — », there
being no non-trivial solutions for these problems. This can be proved for the former problem by
noting that no work is done on the fluid and for the latter problem by noting that for large r, the
solution which is homogenous in 7° is a uniform flow which has to be identically zero for zero
velocity on W.

Similarly it may be shown that @, contains no terms like 772 or 77" in its asymptotic expansion
for 7—0. Thus @, contains terms 7,7%F,*'... and @i, terms like 7, °F,°... in their asymptotic
expansion for 70, while the form of the inner expansion is indeed that given by [2.10].

Consider now the term (v}).r in the inner expansion which satisfies the creeping flow
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'equations with (v¥). =0 on W and on the sphere and whose outer boundary conditions is to be
determined by matching the outer expansion.

If v} contains a term like r" as r— « then this matches a term order Re® 7" in the outer
expansion. However, from the form of the outer expansion given in [2.14], it is seen that

B-n)3=2/3 or n<=l.

Thus the asymptotic form of (v).r contains terms of order r,'r.°... and since each term
satisfies the creeping motion equation,

[(v)eeli=Asr; + B, +0(r™") as r-o, [2.17]

where A; = 0 from the continuity equation. This velocity (v¥). . must be zero on r, = 0 for all r,
and rs. This implies

B;=0 and Ai.,=Ai=0 forall i

Also since A; =0 one has A,,=0.
Thus as r >

[((vD)er) = Anbiori + Ayri8is + 0(r")

which represents a plane shear flow. The flow field (v¥)..-. cannot therefore give rise to any force
on the sphere in the r, direction. Thus in calculating the inertial migration towards or away from
the wall, one 4-es not need to calculate (v})... and so the entire calculation for such migration
may be done without reference to the outer expansion.

The results derived by Cox & Brenner (1968) may therefore be used without modification for
an undisturbed flow field given by [2.5] even though the condition [2.8] is not satisfied. This
calculation was done by expanding the velocity fields v§ and v¥ in the inner inertial expansion (see
[2.10]) in a power series in k. This required also an inner and an outer expansion, the inner
expansion using the dimensionless independent variable r while the outer expansion used ¥ where

F=«xkr=r/d

was the position variable made dimensionless with respect to d. It was shown that the particle
migration resulted from inertia effects in the outer expansion, so that the existence of the wall and
the precise details of the undisturbed flow even at large distances are important.

Letting V.. be the dimensional velocity with which the sphere would move in the r, direction’
in a quiescent unbounded fluid as the result of sedimentation and buoyancy, the results obtained
by Cox & Brenner (1968) for three different situations may be expressed as follows:

1. A quiescent or nearly quiescent fluid for which the condition |V./V|> 1 is satisfied, the
dimensional migration velocity ux®(d) of the sphere at a distance d from the wall in the r,
direction being obtained as

2
i (d) = 677(:}Vm

h. [2.18]

2. A non-neutrally buoyant sphere for which x> <|V%/ V| <1, the migration velocity ur®(d)
being obtained as

un(d) =

6 M
maViv, 219
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3. A neutrally or almost neutrally buoyant sphere for which |Vs/V|<€«? the migration
velocity u,®(d) being obtained as

2a

ur>(d) =% v \+£2) [2.20]

for a sphere free to rotate, and
un(d) = 3 mx ——(4f1+fz) (2.21)

for a sphere prevented from rotating.

The results given by [2.18] and [2.19] are valid whether or not the sphere is free to rotate. The
quantities h, g, f; and f, were obtained as volume integrals over the region 7, > 0 (denoted by I') in
the form

h=fr V“a_afz' ViodF, [2.22]
= [ {wses- vt Vi v+ WD v, v..} at, [2.23]
f= ["UZ]W L {[U,(r,) ULPDIVay -*;2V2+ Vﬂz—[fj,z?f/%z} a, (2.24)
=[] [ (oo viemva gz var va 5200 0 029

where i* is the dimensionless position vector of the sphere [and is thus (1, 0, 0)], and the quantity
V, (, ¥*) is the Green’s function for creeping flow in the presence of the wall W and satisfies

a’%,_a_P, F—P*) = aVy _
af,‘af,‘ af; + 81]6 (l' r ) = 0, ar, = 0,
with
Vu = 0 on ’:1 = 0,
Vi=>0 as Foo. [2.26]

Since these equations and boundary conditions for Vj; are linear, it follows that the creeping
flow produced by a point force F acting at * and satisfying the no slip boundary condition on
=0 is u(F), where

U (F) = Vy(F.F*) F,. [2.27]
The dimensionless flow field U(#) from [2.5] and [2.6] is given by
U.—(Uw)=(b*ri+c v,

where (Uw) is the value of U, on the wall r} = 0. If this velocity field attains its maximum value
at ri =1 (as shown in figure 1) and if V is chosen to be the value of Uj at r, =1, then

—(Uw). = 28, — B*F/’, [2.28]

where g =d/l.
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Thus in [2.22]-{2.25]

[Ux7) - UAFY)] = 28(F, - F¥) - BAF2 - 71Y), [2.29]
11
S5, = 2828 [2.30]

3. A POINT FORCE NEAR A PLANE WALL

In order to evaluate the integrals [2.22]-[2.25] determining the migration velocity, the value of
the Green’s function V;(F, *) satisfying[2.26] must be obtained. In order to do this consider the
creeping motion flow u (and pressure p) produced by a point force of strength F acting at #* in the
presence of the plane rigid wall at 7, =0 [see figure 2]. Then

Vu-Vp=0,
V-u=0, [3.1]
with boundary conditions
u=0 on 7=0, [3.2]
1 F (F—F*)(F— %) F] oo
U~ [ll"—l"*|+ F—7] ,  Fo% [3.3]

Let @ be the velocity and j the pressure of a creeping motion flow produced by a surface
distribution of forces f(f, ) on the 7, = 0 plane, where ¥, = (0, 7, /) is a vector lying in the surface
Fi=0. Then @ and p are given by

1 I ﬁ—m&—w].” ;
I 2
p®= g [ o (@GR, B4

the integration being taken over the plane 7, =0.

Figure 2. Point force F acting at position £* in the neighbourhood of the plane wall 7, =0.
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The stress tensor P (with components P;) for this flow field (@, j) is obtained from [3.4] as

3 [ EFE-TIE—FD) oy e
- 41’, lr rs’S - #(F) dF'. [3.5]

-

In the limit 7,0, the contribution to

= 3 [@®-F (F) ..
——4——r.f(' P -1 () 5 (3.6]

F-£f

from integration in the region outside of a circle of fixed radius € (¢ < 1) centred on ¥, = (0, 7, 75)
is negligible so that one may replace f(f.') by f(f.) in the integrand, yielding

P, =——r|f(rs) f ("—"’)(—lﬂlsi’ld". 3.7]

It may readily be shown that

J‘(r f’)(r 'J)d"— | l
3|r,

where 1 is the unit tensor. Thus as 7,—>0

Pam-3fi®) for 7>0,

S4ME) for A<, B8]

giving the values of P;, on either side of the plane 7, =0.

Define a velocity u* and pressure p* as that produced by a point force F acting at the point
i = *, the fiuid now being considered unbounded. Then near f = i* the velocity u* possesses a
singularity of the type given by [3.3].

The flow field (@, ) considered above is chosen as the flow produced by surface forces of
strength f(F). acting on 7, =0, where

f(¥,) = —2P%(F.), {3.91

the quantity P*; (,) being the value of the stress tensor P* of the flow (u*, p*) evaluated at the
position £, on the plane 7, = 0. Then by [3.8], it is seen that on the two sides of 7, = 0 one has

P.,— P* (f,) as F—0 with 7#>0,

—-—P*% () as 7 -0 with F<0. [3.10]

Defining a velocity field @ and pressure p as

p=p+p [3.11)

it follows that (@, p) like the flow fields (i, ) and (u*, p*) must satisfy the creeping motion
equations [3.1]. Also since (ii, p) contains no singularity and (u*, p*) is of the form given by [3.3]
near = i* it follows that & has a singularity of the form [3.3].
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If P is the stress tensor corresponding to the flow field (&, ) then by [3.10], it is seen that on
side 7, >0 of the plane 7/, =0,

P,—>2P%,(.) as F -0, [3.12)

whilst on the side 7, <0,

Py

P;—-0 as F-0. [3.13]

Consider the volume 7, <0 of fluid undergoing the flow (i, p ). The work done on this fluid by
the plane 7, = 0is — [ &P, dF, d7, integrated over the plane and hence is zero by [3.13]. Also since
i and u* (and hence @) are of order 7' as 7 — o« it follows that no work is done on the fluid at
infinity. Hence, no work is done in order to produce the flow (&, 5) in this volume 7, <0.
Therefore there can be no viscous dissipation due to (@, p) in 7, <0 and so it must represent a
rigid body motion there. However, since @ = 0 (7~') as 7 - it follows that @ = 0 everywhere in
the volume 7 < 0. Also since @ and u* (and hence @) are continuous across the plane 7, =0 it is
seen that it = 0 on 7, = 0. Therefore the flow field (@, p) satisfies the same equations {3.1], [3.2] and
[3.3] as the flow field (u, p) in the volume 7, = 0. Since the solution of such equations must be
unique, it follows that i is given by

ﬁ=0 f0r ;|<0,
u for 7 >0.

Thus it is seen that the solution of [3.1], [3.2] and [3.3] for u is represented by the flow field
produced by a point force F at ¥ = i* together with a surface distribution of forces — 2P*,(£,) on
F1=0. Such a flow field is then defined not only in the space 7, =0, but also in the space 7, <0
where it represents the flow field u = 0.

4. FOURIER TRANSFORM OF FLOWS

It will be found convenient for the evaluation of the integrals [2.22] to [2.25] to obtain the
Fourier transform of the flow fields (u*, p*), (4, ) and hence (i, ). Thus we define I'* and IT* as
the three dimensional Fourier transforms of the velocity u* and pressure p* respectively, so that

I'*(K) = f u*(f) exp (iK - F) dF,
I*(K) = f p* () exp (iK - F) dF, [4.1]
the integrals being taken over the whole of space. u* and p * are then given by the inverse Fourier

transforms

v () = 8%, f I'*(K) exp (— iK - ) dK,
P*@) =§;IT—, f I1*(K) exp (~ iK - ) dK, [42]

these integrations being taken over the whole of K space.

(T', ) and (I, IT) are similarly defined as the three dimensional Fourier transforms of (@, p) and
(f, p) respectively.

Since the flow field (a, p*) satisfies

Vu* - Vp* +F6G - ) =0, [4.3]

V-u*=0,
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with

>0 as Fow, [4.4]

where 8 (F—*) is the three dimensional Dirac delta function, one obtains the equations for
(I'*, IT*) by taking the Fourier transform of [4.3] as

~ KT*+il[1*K+ Fexp (iK - #¥) =0, [4.5a]

K- T'*=0. [4.5b]

These equations possess the solution

I*(K) = E%K—K Fexp (iK - ), (4.6a]
*(K) = '};F exp (iK - i), [4.6b)

where K* = |KJ* = K,*+ K,* + K4*. Hence, noting that this solution (T'*, [T*) would give u* which
automatically tends to zero as 7, it follows that these expressions [4.6] give the required
Fourier transform of (u*, p*). Since the stress tensor P%*; is defined as

u*  ou*
kg oW OU; .
P* =—p*8; + a7, + 7 [4.7
its Fourier transform IT* is
IT* = —T*I + i(T*K + KT'™*), [4.8]
which, upon substitution from [4.6], yields
II* = - iF - T®(K) exp (iK - i*), [4.9]
where T®(K) is the third rank symmetric tensor,
TS (K) = 5;K. + 8&12(: +8:Ki ) K-K;;Kk' [4.10]
K K
The inverse transform then gives
P*=_§—7’r_3f F-T®X)exp{-iK  F—i*)}dK, [4.11]
so that the force distribution —2P} (F,) on the plane 7, =0 may be written as
—~2P#(E) = +# f F:-TOK): e, exp{—iK: (F, - *)} dK, [4.12]

where e, is a unit vector in the 7,-direction (e, and e; being similarly defined).
The flow field (@, p) produced by this force distribution satisfies

V-ui=0, [4.13]
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with
i-0 as Foo, [4.14]
where %:(F,) = —2PX(i.). Proceeding as before, one may obtain equations for I’ and IT as (see [4.5])
- KT +illK+ f F (&) exp (iK, - F,) df, =0,
K-T=0, [4.15]

where (K,); = K18, + K385 is a vector lying in the plane K, = 0. Thus the values of T and II are
obtained as

21
f=5%‘5.fg(mexp (iK, - F,) dF,,
_ K ) K5 dF
H=F’J‘3(r,)exp(1K-r,)d’s- [4.16]

Taking the double Fourier transform (with respect to 7, and ) of the expression for (¥, ) given by
[4.12], one obtains

f FE)exp (K, £)di=— f F-T(K) - e, exp (iK - #*) dK,
=;’exp (iK, -i'f)F-fT"’(K)-e. exp (iK, - FH)dK, [4.17]

where £t = (0, 7%, 7%) is the component of the position vector #* of the particle in the plane 7, = 0.
The substitution of this expression into [4.16] gives the value of T as

. KA- .
F(K) = —K—f“‘ .B-Fexp (iK, - /), [4.18]
where
=t J’ TO(K) - e, exp (iK,71) dK.. [4.19]

This integral can be evaluated and expressed in ¢he form
B =—[I+ K.Ft(e:— iK,)(e: ~ iK,)] exp (- K,F¥), [4.20]
where

K, = \/(I(z2 + Ksz),

. Koe,+ Kses, .
K,=—%—3—31saumt vector.

Thus one can write

K’1-KK

'K =- L

I+ K7 (e, —iK,)(e,—iK,)] - Fexp (- K.F¥ +iK, - #).  [4.21]
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The inverse transform gives the velocity of disturbance flow @(¥) produced by the wall 7, = 0as

1+ K,7%5(e; — iK) (e — iK,)) - F

() = — 1 J'KZI KK

x exp {—iK - (f —*) - K,7%} dK. [4.22]

It may be noted that this integral may be evaluated by first integrating with respect to K, using
contour integration and then with respect to the other variables by transforming to polar
coordinates (by writing K, = p cos ¢, K; = p sin ¢) in which case one obtains the disturbance flow
due to the wall for 7, >0 as given by Oseen (1927), namely

1
i=—— {—I-+%(f‘—l“*)(f—i*)+2f13flls

87 LR R
+ S0 (7, + e, + G, — BN+ P, 6 ~#DI) - F, 4.3

where
R= \/[(r1+’)2+("2 f§)2+(f3+F§)2]

is the distance from f to the image point of ©* in the plane 7, =0.
From [3.11], the Fourier transform I" of the velocity field u is given by

I=T+TI*, [4.24]
where T' and T'* are given by [4.18] and [4.6a] respectively. Thus

2
f‘—_-K—II—(-—K—K [Iexp (iK,7%)+B] - Fexp (iK, ' i*) [4.25]

where B is given by [4.20]. The flow field i is thus obtained as
2
a(f) = I f < 1~ KK) (I exp (iK,7%)+B] - F exp { — K(¥ — i*)} dK. (4.26]

Since this flow field is identical to u in the region 7, > 0t is the flow field produced by the point force
F acting at the position i* and satisfying the no slip boundary condition (u = 0) on 7, = 0. Thus from
[2.17], it is seen that the Green's function V(F,¥*) is given by

2_
V= 1 (KI KK

= - ) - (exp (IK.#%) + B exp {— iK - (F - %)} dK, [4.27]

the flow field
(i) = V(F, i*)-F

being automatically zero in the region 7, <0.
If T';(K, ¥*) is the Fourier transform of the Green’s function Vy(¥, ¥*) so that

I‘=fVexp(iK-i)di and V=8+T3fl"exp(—il(-i)dl(, [4.28]
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then

K’1-KK
- (g

) - [Texp (iK,7%) + Bl exp (iK, - £.). [4.29]

The integral in [4.27] may be evaluated in a manner similar to that indicated for [4.22] to obtain

1 I (i'—i-*)(i—f-*)]_[l (= F*) F — %)
V(”*)‘G{[li—f*f’ P R ®
oz 1 OFIF o 7k F—FIF + 7% -
+ 27%F, BT R [(Fi + e, + (F, — D] (A + e — (F, — %))
for 7, >0, [4.30a)
and

VE.*)=0 for F <0, [4.30b]

so that we have verified that in the region 7, > 0 the Green’s function V(f, ¥*) is expressed the sum
of two terms, the first representing the flow produced in an unbounded medium by a point force at
F=* and the second the disturbance field produced by the plane wall at 7, =0 (see [4.23]).
Furthermore we have also verified that the Green’s function V(&, #¥*) is identically zero for 7, < 0. It
is also observed from [4.30a] that

VFE i*)=0(F" as F-oo [4.31]

where 7= |f|. As mentioned in section 2, this result that the creeping motion flow produced by a
point force in the neighbourhood of a plane wall dies away like the inverse square of the distance is
an important requirement for the direct use of the results of Cox & Brenner (1968).

5. CALCULATION OF LATERAL MIGRATION VELOCITY

In order to evaluate the migration velocity of a sphere given by the [2.19] to [2.21], we must
calculate the integrals involved in the expressions for fi, f, g and k given by [2.22]-[2.25]. These
integrals may be taken over the whole of space (denoted by T') rather than just over the region 7, >0
(denoted by I) if the forms of the Green’s function V;; calculated in the previous section are used
since Vj; is identically zero for 7, <0. Thus, for example, the quantity h may be written as

[ Ve o
h= fr L Vi d. 5.1]

Since I';y(K, £*) has been written for the Fourier transform of V;, it follows that the Fourier
transforms of the quantities 8V;,/47, and V;, appearing in [5.1] are — iK,I';, and T';, respectively.
Now if F(K) and G(K) are the three dimensional Fourier transforms of f(f) and g(¥) respectively,
the Convolution Theorem states that

[ 1o a=gk [ F-0)6m k.
T m

where the integral over K is taken over the whole of the K-space. Thus applying this result to [5. 1],
one obtains

h = 1 3[ —iKTo(K)T( - K) dK. [5.2]

"8’
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Substituting [2.29] and [2.30] for the undisturbed flow field into [2.23]-{2.25] for fi, f, and g and
noting that the Fourier transforms of (8 V;;/372), F, Vi, F1(8Vy;/ 9F,) and F,* (8 V)| 3F,) are respectively
—iKTy, —i(8l0K )Ty, —K(3/dK,)T; and +iK»(8*/aK,*)I'y, the above analysis for h may be
repeated for the integrals fi, f; and g to give

g =B(2J,—BJ), [5.3]
fi=2p(1- B)(2K, - BK»), [5.4]
and
f=28%(1- B)2K, - BK>), [5.5]
where
1 (.
Ji=g5 _thI‘n( - K)<1 + 'aiK,) T'ioK) + T~ K)FIZ(K)] dK, [5.6]
1 (. . ?
fi=grs | K- K)(l + ) LK) - 2iTn(~ K) 57 1“,2(1()] dK, 5.7]
1 (. : 9
K,= 8 _lern( - K)( ﬁa(—,) 7 Ii2(K) + I (— K) 5% FIZ(K)] dK, [5.8]
1 [ 2 . 2
K2=8—7-T—5 -ler,'](_K)(l + a?(lz) F“?fr‘z(x)_ZlFN(_K)Talaf—?F‘Z(K)] dK, [5,9]
Ri=ch —K Tl - K)(1+t ") Ta(K) + iK' ( - K)T (K)]dK [5.10}
1 8173 2 i1l (9K1 i1l 2L 21 11 » .
Ko=gs [ [ K- B0(14 5502 T+ 2Kl - K) 5Ttk | oK, [5.11]

all the quantities I'; and its derivatives appearing in these integrals being evaluated at the particle

(i.e.at¥* = (1,0,0)). In deriving [5.10] and [5.11] from [2.25], use was made of the fact that 7, and 7%

only appear in [4.30] for V;; in the combination 7, — 7% so that (4 Vi;|67%) = — (3V};/ 9F,) and hence

the Fourier transforms of aV;/d7% and 32V, /aF,07% are +iK.[; and + K,T'; respectively.
From the value of " given by [4.29] and of B given by [4.20] it is seen that

Kza,,K KK o,

I(K)= {_Kts_zzKﬂz (e

Ia(K) = f—e M) - (K, +iKy) e e T {5.12]

K} _ oK f-)+K25n—KiK1 (iKzf’{‘)
K* K,

x (K, +iK,) e"‘"T} e'* i, {5.13]

and

2 — .
‘”;‘;;K) {K ba” Kl ik, et K, ey 4+ B2 B o B (z%) (K. +iKy)

x (1 - K,7%) e—K.'T} e’ [5.14]
which evaluated at #* = (1,0, 0) give

2 — A .
ra(K)= 5—‘—K.£& €% —(1+K, +iK)e™], [5.15)



T(K) =
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[5.16]

(K. +iK)(1-K,)e ™ . [5.17]

Substituting these values into the integrals [5.2] and [5.6]-[5.11] and evaluating in a manner similar
to that described for the integral [4.22], one obtains

Thus by [5.3]-[5.5],

and

q
h=an
1 35
Ni=3% 1= 356w
n3 37
Ki=7¢8 K= 35an
_ 3 _ 3
Ki=356n 2= 3
__1
h_641r’

1
8= 7eg (44— 1058)8,

fi= 5 B~ BY(13-37),

3
f2= g B*(1-B)(1-4p).

[5.18]

[5.19]

[5.20)

[5.21]

[5.22]

[5.23]

[5.24]

[5.25]

Therefore the values of the dimensional migration velocity for the particle for the three cases
discussed in Section 2 may be expressed as:

(1) For a quiescent or nearly quiescent fluid for which |V./V|> 1

(2) For a non-neutrally buoyant particle for which x> <|V./V|<1

(3) For a neutrally buoyant particle for which |V./V|<«?

3 a(V.y?
u 3 .

M
14

@ 1 aV.V

u® = = = V44— 105p).

5
288 v

*B*(1- B)(22-73B)

[5.26]

[5.27]

{5.28]
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for a sphere free to rotate, and

0 = ﬁ “TVZ K*82(1 - B)61 - 1848) [5.29)

for a sphere prevented from rotating.

As shown by Cox & Brenner (1968), the migration velocity for intermediate cases may be
obtained by merely 2dding the corresponding equations for ux. Thus for example the situation for
which | V2] V| is of order unity [so that we have a situation intermediate between cases (1) and (2)]
gives rise to a migration velocity of un” + un®.

i.e. For [Vi/V|~1and x <1

_3a(Vy 1 aviV, ..~
Ung =3, 128 B(44—105B). [5.30]
Similarly the case intermediate between (2) and (3) for which k*>~|V./V]<1 gives rise to a
migration velocity of

__1lavyyv 5 aV? Lo B
Un =g, BU4—1058) + 300 = KB(1 - B)22~T3B) [5.31]

for a sphere free to rotate, and

U = ésav VB(44—105B)+ 1 af k*B(1 - B)(61 - 184p) (5.32)

for a sphere prevented from rotating.

It is observed that for case (1) the migration velocity u, " (given by [5.26]) is very much larger
than the expressions uy and u, (given by [5.27] and [5.28]) while similarly for case (2), un® i
much larger than u,® and u,™ and for case (3), un™ is much larger than u, " and un®. Also for the
intermediate situation between cases (1) and (2), the migration velocity given by [5.30] is much
larger than u,, while similarly the intermediate situation between cases (2) and (3) gives rise to a
migration velocity given by [5.30] (or [5.31]) which is much larger than ). Thus the migration
velocity applicable to all cases (including intermediate cases) may be written as

Upg = Upt” + Uy + upn®, [5.33]
so that
_3a(vViP_ 1 aViV, . Savi L. o
U= R BT 1058) tagg = WBI-BX22-T3R) (534

for a sphere free to rotate, and

_3a(Vy 1 aviV,. {
U=, e, P18 g

“X B (1-B)61 - 1848)  [5.35]
for a sphere prevented from rotating.

Furthermore the migration velocity given by [5.30] may thus be taken as being applicable to
cases (1) and (2) as well as to the intermediate situation [case (1-2)] between (1) and (2). Also

likewise the migration velocities given by [5.31] and [5.32] may be taken as being applicable to cases
(2) and (3) as well as to the intermediate situation [cases (2-3)] between (2) and (3).
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6. RESULTS AND DISCUSSION

It is seen that the migration velocity given by [5.34] and [5.35] for a sedimenting spherical
particle in the flow over the wall may be written in the non-dimensional form

wio= 5 |XI" — 135 B4~ 105B) sgn x +o kB0 - )22~ T3) [6.1]
for a sphere free to rotate, and

Whe= o x| — = B(44 - 105B) sgn x + = [x|x*B%(1 — B)61 - 184B) [6.2]

M= X T8 XT1aa'X :

for a sphere prevented from rotating where u ;sis the dimensionless migration velocity defined as
avv.
a4,

and y is the ratio V/ V. of the flow velocity V at r; = to the sedimentation velocity V. taken as
being positive in the ri-direction. Thus the dimensionless velocity only depends on the quantities y,
k (the ratio a/d of particle radius a to the particle to wall distance d) and B8 equals to dJ!
determining the particle position in relation to the flow.

For the conditions under which [5.30] is valid, namely for cases (1), (1-2) and (2) [i.e. for
Ix|”* > «7], the dimensionless velocity uj, may be written as

S NS S
uM"32|XI 128B(44 IOSB)San [6.4]

and is thus a function only of y and B. This result has been plotted in figure 3 in which lines of
constant u i have been drawn on a (y, 8) diagram. Regions for which u , is negative represent
particle migration towards the wall while u {, positive represents migration away from the wall.
Points on the line u i = 0 represents equilibrium positions of the particle for which there is no
migration velocity. These are stable for (du1/38) < 0 and unstable for (dus/3B) > 0. It is observed
from figure 3 that:

(i) For case (1), y =0, the migration of the particle is always away from the wall and has a
magnitude which is independent of its position (see [5.26]) although it must be remembered
that the value of d, the distance of the sphere from the wall, cannot be made indefinitely
large without invalidating the condition [2.7].

(ii) For case (2) with a particle less dense than the fluid in an upflow (or more dense than the
fluid in a downfiow) so that y = + o, it is seen that ({5.27]) particle migration is towards the
wall for the particle near the wall with 8 < (44/105) (= 0.419). This agrees with the
experimental results of Repetti & Leonard (1964) for two dimensional Poiseuille flow.
However the result that for 8 > 0.419 migration should be away from the wall does not
agree with the above experiments presumably because at these larger values of B, the
influence of the different wall configuration in the experiments is being felt.

(iii) For case (2) with a particle less dense than the fluid in a downflow (or more dense than the
fluid in an upflow) so that y = — =, it is seen that ([5.27]) the migration is just the opposite to
that described above in (ii) so that the direction of migration is away from the wall (and is in
agreement with experiment) for 8 <0.419 but is in disagreement with experiment for
B > 0.419, presumably due to the effects of other walls present.

(iv) For a particle less dense than the fluid in an upflow (or more dense than the fluid in a
downflow), the migration is always away from the wall for y < 2.6 (see figure 3), but there

MF Vol. 3, No. 3—B
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Bi20

STl

L-

Figure 3. Lines of constant «,, drawn on (x, B) diagram for the situation |x|™' > 2 [i.e. for cases (1), (1-2) and (2)].
The line representing equilibrium positions of particle (u {, = 0)is indicated thus —.

exist two equilibrium positions for y > 2.6. Of these, the equilibrium position closer to the
wall (with 8 =0.21 at y = 2.6 decreasing with 8 >0 as y - ) is stable while the outer
equilibrium position (with B =0.21 at y = 2.6 increasing with 8 ->0.419 as y > ) is
unstable. While it is unlikely that at large values of y that these equilibrium positions would
be observable (since the inner equilibrium position would then be so close to the wall that
its distance from the wall could not be made much larger than a and the outer equilibrium
position would not exist due to effect of other walls), it might be possible to observe such
equilibrium positions at values of y slightly larger than 2.6.

(v) For a particle less dense than the fluid in a downflow (or more dense than the fluid in an
upflow), the migration is towards a stable equilibrium position which is at 8 = o for y =0
and decreases with B8 —0.419 as y » — . As noted in (iii) above, the inward migration
towards the wall at the larger values of 8 is unlikely to be observed in practice.

(vi) The equilibrium positions (whether stable or unstable) depend only on the value of
x=VIV. and are therefore not dependent directly on the particle radius a,
although of course in general a change in particle size will cause a change in the value of y.

For the conditions under which [5.31] and [5.32] are valid, namely for cases (2), (2-3) and (3) [i.e.

for |x|"' <1], the dimensionless velocity u 3 may be written as

1
Up= ~Tog P44 1058) sgn ¢ +2_!55§ g™ (1-B)(22-73B) [6.5]
for a sphere free to rotate, and
1 1
Unp= 128 B44—-1058)sgn ¢ +1L14 ly[™'(1- B)(61 - 184 B) [6.6]

for a sphere prevented from rotating, where ¢ is defined as
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- 1,2 -2_!;-'=I_2
Y=x kB "= V ot [6.7]

Thus u,, is a function only of this quantity ¢ and of 8. These results [6.5] and [6.6] have been
plotted respectively in figures 4a and 4b in which lines of constant u i have been drawn on a (y, 8)
diagram. Again the equilibrium positions of the particle are indicated by the line u ;, = 0, while the
stability of such positions are determined by the sign of du ./ 3B. It is observed from figures 4a and
4b that:

(i) For a neutrally buoyant particle (¢ = 0) the migration is away from the wall at small
distances from the wall (0 < B8 <(22/73) for particles free to rotate and 0 < 8 < (61/184) for
particles prevented from rotating) and also at positions beyond the point of maximum flow
velocity (1 < ). In the intermediate positions ((22/73) < 8 < 1 for particles free to rotate
and (61/184) < B <1 for particles prevented from rotating) the migration is towards the
wall. Thus there is a position of stable equilibrium at 8 = (22/73) = 0.3014 for particles free
to rotate and at B = (61/184) = 0.3315 for particles prevented from rotating while in either
case there is a position of unstable equilibrium at the position 8 = 1 of maximum flow
velocity. These results agree qualitatively with experiments performed with neutrally
buoyant particles in flow between plane parallel walls (Repetti & Leonard 1964; Yanizeski
1968; Tachibana 1973) and in tube flow (Segre & Silberberg 1961, 1962a, b; Oliver 1962,
Karnis ef al. 1966a, b; Jeffrey & Pearson 1965) in that the experiments show a position of
stable equilibrium between the wall and the position of maximum velocity (at about
B =0.4-0.5) and a position of unstable equilibrium at the position of maximum flow
velocity (8 = 1). Furthermore it was observed by Oliver (1962) that in tube flows a particle
which is prevented from rotating migrates to a position farther from the wall than that for a
particle free to rotate, a result also in qualitative agreement with the present theory.

(i) For a particle less dense than the fluid in an upflow (or more dense than the fluid in a
downflow) the stable equilibrium position which for a neutrally buoyant particle free to
rotateis at 8 = 0.3014[or B = 0.3315 for a particle prevented from rotating] moves towards

~

-~ Q6 | W, Tt +0.025%% ~ ~~o _ ___
73 | oY, e -
-5 -4 -3 -2 -1 ) sl 2 3 -4 5 6

Figure 4a. Lines of constant u /, drawn on (y, 8) diagram for a sphere free to rotate under the situation Ix[~* <1[i.e.for
cases (2), (2-3) and (3)). The line representing equilibrium positions of particle (u /, = 0) is indicated thus ——.
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Figure 4b. Same as figure 4a except that sphere is prevented from rotating.

the wall as ¢ increases with its position B—0 as ¢ —» . This result that the stable
equilibrium position depends on the density difference between solid and fluid for near
neutrally buoyant particles has been observed experimentally by Repetti & Leonard (1964)
and Tachibana (1973). The unstable equilibrium position at 8 = 1 for a neutrally buoyant
particle is observed from figures 4a, b to move towards the wall as ¢ increases with
B —0.419 as ¢ > whether or not the particle is allowed to rotate.
(iii) For a particle less dense than the fluid in a downflow (or more dense than the fluid in an
upflow) the position of stable equilibrium at g8 =0.3014 [or 8 =0.3315 for a particle
prevented from rotating] moves away from the wall as ¢ becomes more negative with
B —0.419 as y > — = (see Repetti & Leonard 1964). The unstable equilibrium position at
B = 1 for a neutrally buoyant particle also moves away from the wall as ¢ becomes more
negative with B — +® as  » —, However this latter result can hardly be expected to be
valid for tube flow or flow between parallel plates due to the expected large effect of the
wall geometry.
(iv) Inthe limit of  — * =, the results given in figures 4a and b become identical with those for
x— * shown in figure 3, each then representing case (2).
(v) The equilibrium positions whether stable or unstable depend only on the value of
¢ = (VLY V)I?a® and since for a uniform particle

_Aap)ga’

vi==g

s

where Ap is density of the particle minus that of the fluid, it follows that

4 - 2o’
uV

so that the equilibrium positions of the particle are seen to depend on Ap but to be
independent of the particle size a.
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The results and theory which have been described in this paper provide a means by which the
lateral inertial migration of a spherical particle in a flow near a planar (or nearly planar) solid wall
may be calculated whether or not there exists a pressure gradient in the undisturbed flow. In general
the results can be expected to be valid when 8 is small, but for the particle far from the wall (8
large), the results would only be valid for an experimental situation where the flow is that given by
[2.28] over a region |r'| < Ad where A > 1.

The lateral migration of a particle in rectilinear flow between a pair of vertical paralle] walls has
been investigated theoretically by Ho & Leal (1974) for the case of a neutrally buoyant particle
[case (3)] and by Vasseur (1973) for all the other situations discussed in this paper. These results are
shown by Vasseur & Cox (1976) to be in very good agreement with the present results when 8 is
small.
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